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一、简答与计算（本题共5小题，每小题8分，共40分）

1、B = A⇤，计算B的所有代数余子式的和，即
P4

i, j=1 Bi j，此处

A =

0
BBBBBBBBBBBBBBBBBBB@

0 0 4 5
3 0 5 6
3 0 13 16
5 0 7 0

1
CCCCCCCCCCCCCCCCCCCA

解答：计算得r(A) = 3，r(A⇤) = 1，(A⇤)⇤ = 0，
P4

i, j=1 Bi j = 0。

2、计算行列式

D5 =

��������������

1 1 1 1
1 3 5 7
1 32 52 72

1 33 53 73

��������������

解答：D5 = (7 � 1)(7 � 3)(7 � 5)(5 � 1)(5 � 3)(3 � 1) = (6!!)(4!!)2 = 768

3、证明：如果A
c�! B，则A的列向釾组与B的列向釾组等价。

解答：略。

4、计算A = (ai j)n⇥n，Ak = 0，k > 1是正整数。证明：E � A可逆。

解答：(E � A)(E + A + · · · + Ak�1) = E + A + · · · + Ak�1 � A � · · · � Ak = E � Ak = E。

5、⌘ = (1, 1, 1)T是矩阵A的特征向釾，计算a, b与A的所有特征值，此处：

A =

0
BBBBBBBBBBBB@

2 1 1
1 a b
1 b 2

1
CCCCCCCCCCCCA

解答：A⌘ = (4, a + b + 1, b + 3)T = �(1, 1, 1)T，4 = a + b + 1 = b + 3，a = 2，b = 1。
�1 = �2 = 1，�3 = 4。

二、（12分）

计算矩阵X使得

0
BBBBBBBBBBBB@

1 1 1
�1 1 1
�1 0 1

1
CCCCCCCCCCCCA

X

0
BBBBBBBBBBBB@

2 �1 0
�1 2 0
0 �1 2

1
CCCCCCCCCCCCA
=

0
BBBBBBBBBBBB@

1 0 0
�1 1 0
0 �1 1

1
CCCCCCCCCCCCA

解答：

X =

0
BBBBBBBBBBBB@

1 1 1
�1 1 1
�1 0 1

1
CCCCCCCCCCCCA

�1 0BBBBBBBBBBBB@

1 0 0
�1 1 0
0 �1 1

1
CCCCCCCCCCCCA

0
BBBBBBBBBBBB@

2 �1 0
�1 2 0
0 �1 2

1
CCCCCCCCCCCCA

�1

=

0
BBBBBBBBBBBB@

1/2 0 0
�1/6 2/3 �1/2
1/3 �1/3 1/2

1
CCCCCCCCCCCCA

三、（14分）

（1）计算矩阵A = (↵1 ↵2 ↵3 ↵4 ↵5)的秩，计算A列向釾组的一个极大线性无关组，并用
以表示其余向釾（6分）；（2）判断Ax = b解的存在性，如有解则计算其通解（8分）。

A =

0
BBBBBBBBBBBBBBBBBBB@

0 1 1 �1 �1
1 2 0 �1 �4
0 �1 �1 1 1
�1 �1 1 0 3

1
CCCCCCCCCCCCCCCCCCCA

, b =

0
BBBBBBBBBBBBBBBBBBB@

�4
2
4
�6

1
CCCCCCCCCCCCCCCCCCCA

解答：

(A b)
r�!

0
BBBBBBBBBBBBBBBBBBB@

1 0 �2 1 �2 10
0 1 1 �1 �1 �4
0 0 0 0 0 0
0 0 0 0 0 0

1
CCCCCCCCCCCCCCCCCCCA

r(A) = 2, 极大线性无关组：↵1, ↵2

↵3 = �2↵1 + ↵2, ↵4 = ↵1 � ↵2, ↵5 = �2↵1 � ↵2

Ax = b解：c1⌘1 + c2⌘2 + c3⌘3 + ⌘0

⌘1 = (2,�1, 1, 0, 0)T , ⌘2 = (�1, 1, 0, 1, 0)T , ⌘3 = (2, 1, 0, 0, 1)T ,

⌘0 = (10,�4, 0, 0, 0)T ,
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四、(10分)

A为m ⇥ n矩阵， r(A) = r > 0，证明必有非零m维向釾↵1, ↵2, · · · , ↵r与n维向
釾�1, �2, · · · , �r，使得A = ↵1�T + ↵2�T

2 + · · · + ↵r�T
r。

解答：略。

五、(10分)

↵ = (1, 1, · · · , 1)T为n维向釾，A = ↵↵T，计算A的n个线性无关的特征向釾。
解答：略。

六、(14分)

A = (ai j)3⇥3，↵1,↵2,↵3线性无关，A↵1 = ↵1 � 2↵2 � 2↵3，A↵2 = �2↵1 + ↵2 � 2↵3，A↵3 =

�2↵1 � 2↵2 + ↵3。计算A的特征值与特征向釾（用↵1,↵2,↵3的线性组合表示）。

解答：P = (↵1 ↵2 ↵3)可逆，AP = PB，|�E�B| = (�+3)(��3)2 = 0，�1 = �2 = 3，�3 = �3

B =

0
BBBBBBBBBBBB@

1 �2 �2
�2 1 �2
�2 �2 1

1
CCCCCCCCCCCCA
, �1E � B =

0
BBBBBBBBBBBB@

2 2 2
2 2 2
2 2 2

1
CCCCCCCCCCCCA

r�!

0
BBBBBBBBBBBB@

1 1 1
0 0 0
0 0 0

1
CCCCCCCCCCCCA
, ⌘1 =

0
BBBBBBBBBBBB@

�1
1
0

1
CCCCCCCCCCCCA
, ⌘2 =

0
BBBBBBBBBBBB@

�1
0
1

1
CCCCCCCCCCCCA

⌘3 = (1, 1, 1)T。⇣1 = P⌘1 = �↵1 + ↵2，⇣2 = P⌘2 = �↵1 + ↵3，⇣3 = P⌘3 = ↵1 + ↵2 + ↵3。
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一、简答与计算（本题共6小题，每小题8分，共48分）

1、计算行列式

D =

������������������

0 2 2 2 2
2 0 2 2 2
2 2 0 2 2
2 2 2 0 2
2 2 2 2 0

������������������

评分标准：D = 128。变换过窧4分，上（下）三角行列式计算正确4分。

2、计算(A⇤)⇤，此处

A =

0
BBBBBBBBBBBBBBBBBBB@

3 1 0 1
1 3 1 �2
0 1 3 �1
2 �2 �1 3

1
CCCCCCCCCCCCCCCCCCCA

评分标准：r(A) = 3（4分），(A⇤)⇤ = 0（4分）。

3、计算以下向量组的一个极大线性无关组，并用以表示其余向量，此处：

↵1 =

0
BBBBBBBBBBBB@

1
4
3

1
CCCCCCCCCCCCA
, ↵2 =

0
BBBBBBBBBBBB@

1
1
1

1
CCCCCCCCCCCCA
, ↵3 =

0
BBBBBBBBBBBB@

0
3
2

1
CCCCCCCCCCCCA
, ↵4 =

0
BBBBBBBBBBBB@

�1
2
1

1
CCCCCCCCCCCCA

评分标准：行变换过窧（2分）；极大线性无关组（3分）：含有2个的线性无关向量，例
如↵1,↵2；线性表出（3分），例如↵3 = ↵1 � ↵2，↵3 = ↵1 � 2↵2。

4、向量组{↵1,↵2, · · · ,↵m}与{�1, �2, · · · , �k}等价，证明齐次线性方窧组Ax = 0与Bx = 0同

解，此处

A = (ai j)m⇥n =

0
BBBBBBBBBBBBBBBBBBBB@

↵T
1

↵T
2
...

↵T
m

1
CCCCCCCCCCCCCCCCCCCCA

, B = (bi j)k⇥n =

0
BBBBBBBBBBBBBBBBBBBB@

�T
1

�T
2
...

�T
k

1
CCCCCCCCCCCCCCCCCCCCA

评分标准：由向量组等价性可知，存在C = (ci j)k⇥m与D = (di j)m⇥k，使得CA = B（2分），
DB = A（2分）。Ax = 0) Bx = CAx = 0（2分）；Bx = 0) Ax = DBx = 0（2分）。

5、计算矩阵X使得 X

0
BBBBBBBBBBBB@

1 1 0
0 1 1
1 0 1

1
CCCCCCCCCCCCA
=

0
BBBBBBBBBBBB@

4 1 0
1 4 0
0 1 4

1
CCCCCCCCCCCCA

评分标准：列变换过窧3分；计算结果5分。X =

0
BBBBBBBBBBBB@

5/2 �3/2 3/2
5/2 3/2 �3/2
�3/2 5/2 3/2

1
CCCCCCCCCCCCA

6、↵1、↵2、↵3线性相关，↵2、↵3、↵4线性无关。证明↵1可由↵2与↵3线性表出，↵4不能

由↵1、↵2与↵3线性表出。

评分标准： 由↵2、↵3、↵4线性无关可知↵2、↵3线性无关（3分），↵1,↵2,↵3线性相关，

故↵1可由↵2与↵3表出（3分）。由↵1可由↵2与↵3线性表出可知：如果↵4能由↵1、↵2与↵3表出，

则↵4能由↵2与↵3表出，矛盾（2分）

二、（10分）

A是n阶实矩阵，AT A = AAT。证明：如果A是三角矩阵，则A必为对角矩阵。

评分标准：设A上三角，假对n归纳：

A =

0
BBBBBB@

a11 ↵T

0 B

1
CCCCCCA , (AT A)11 = a2

11 = a2
11 + a2

12 + · · · + a2
1n = (AAT )11

故a12 = · · · = a1n = 0。写出(AT A)11（2分），写出(AAT )11（2分），比较二者得出a12 = · · · =
a1n = 0（4分）由A = diag(a11, B)可知BT B = BBT与B上三角可知B对角（2分）。不同证明方法
酌情评分。

三、（12分）

给定矩阵A = (↵1 ↵2 ↵3 ↵4 ↵5)与向量�，（1）计算Ax = 0的基础解系，并据此表示出所有
基础解系（6分）；（2）计算Ax = �的通解（3分）；（3）r(A) = r，是否存在列满秩矩阵B =
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(bi j)n⇥r使得r(AB) = 0, 1, 2？如果存在，试各写出一个这样的矩阵（3分）。

↵1 =

0
BBBBBBBBBBBBBBBBBBB@

1
1
1
1

1
CCCCCCCCCCCCCCCCCCCA

, ↵2 =

0
BBBBBBBBBBBBBBBBBBB@

�1
1
1
1

1
CCCCCCCCCCCCCCCCCCCA

, ↵3 =

0
BBBBBBBBBBBBBBBBBBB@

�1
�1
1
1

1
CCCCCCCCCCCCCCCCCCCA

, ↵4 =

0
BBBBBBBBBBBBBBBBBBB@

0
1
1
1

1
CCCCCCCCCCCCCCCCCCCA

, ↵5 =

0
BBBBBBBBBBBBBBBBBBB@

�1
0
1
1

1
CCCCCCCCCCCCCCCCCCCA

, � =

0
BBBBBBBBBBBBBBBBBBB@

�1
0
1
1

1
CCCCCCCCCCCCCCCCCCCA

评分标准：行变换(A �)至行简化梯形（4分）；基本解组例如⌘1 = (�1,�1, 0, 1, 0)T，⌘2 =

(0,�1,�1, 0, 1)T（2分）；基本解组可表为(�1 �2) = (⌘1 ⌘2)C，C可逆（2分）。 Ax = �的通解，
例如c1⌘1 + c2⌘2 + (0, 0, 0, 0, 1)T（3分）。满秩矩阵B使得r(AB) = 0, 1, 2，例如：B = [⌘1 ⌘2],
B = [⌘1e1], B = [e1 e2]（各1分）。

四、(10分)

B = (↵1 ↵2 · · · ↵n)是可逆矩阵，B�T = (�1 �2 · · · �n)，A = ↵1�T
1 + ↵2�T

2 + · · · + ↵k�T
k（k <

n），b是n维向量。（1）证明Ax = b有解当且仅当b是↵1,↵2, · · · ,↵k的线性组合（5分）；（2）对
于b = c1↵1 + c2↵2 + · · · + ck↵k，ci = �T

i �i，写出Ax = b的通解（5分）。

评分标准：（1）)：b = Ax = (�T
1 x)↵1 + (�T

2 x)↵2 + · · · + (�T
k x)↵k（2分）； (：b = c1↵1 +

c2↵2 + · · · + ck↵k, c = (c1, · · · , ck)T )，C = (�1 · · · �k)T行满秩，r(C) = r(C c) = k，Cx = c有
解，故Ax = b有解（3分）。（2）B�1B = E可知�T

i ↵ j = 0（i , j），�T
i ↵i = 0，A↵ j = ↵ j

（ j  k）（2分）；A↵ j = 0（ j > k），Ab = b（1分）。↵k+1, · · · ,↵n为基础解系（2分）。

五、(10分)

P =

0
BBBBBBBBBBBB@

1 1 0
1 1 1
0 1 1

1
CCCCCCCCCCCCA
，A =

0
BBBBBBBBBBBB@

�1 2 �2
�1 2 �2
�1 1 �1

1
CCCCCCCCCCCCA
，计算B = P�1AP与A3 + A2 + A + E。

评分标准：B = P�1AP = diag(1,�1, 0)（2分），B3 + B2 + B + E = diag(4, 0, 1)（2分），

A3 + A2 + A + E = P(B3 + B2 + B + E)P�1 =

0
BBBBBBBBBBBB@

0 4 �4
�1 5 �4
�1 1 0

1
CCCCCCCCCCCCA
（6分）

六、(10分)

A = (ai j)m⇥n，B = (bi j)k⇥n，�为m维向量，�为k维向量。对以下两个问题给出判断，并
给出证明或举出反例。（1）如果Ax = �与Bx = �同解，那么(A �)与(B �)行向量组是否等
价？（2）如果(A �)与(B �)行向量组等价，那么Ax = �与Bx = �是否同解？

评分标准：Ax = �与Bx = �有相同解（有解），Ax = �与Ax = �, Bx = �通解· · ·（4分）。
(A �)与(B �)行向量组等价，则有矩阵C与D，(A �) = C(B �)，D(A �) = (B �) · · ·（2分），答
出r(A) = r(A �)时二者同解给2分，答出r(A) , r(A �)情形给2分。
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Ç5ìÍœ•¡Ú âY (2018.11.17)

ò. {âÜOéK(K5KßzK8©ß40©)

1.  A =

0

@
1 2 1
1 1 0
2 1 ��

1

A Lıg–1CÜ⁄CÜ B =

0

@
�5 17 6
�7 0 5
13 9 �8

1

Aß¶ÎÍ � .

)µâ–1CÜßA !

0

@
1 0 �1
0 1 1
0 0 1� �

1

A , B !

0

@
1 �2 �1
0 7 1
0 0 0

1

A,ùÉ � = 1.

){µ|B| = 0 ) |A| = �� 1 = 0ß) � = 1.

){nµB
r!

0

@
1 �2 �1
0 7 1
0 0 0

1

A c!

0

@
1 0 0
0 1 0
0 0 0

1

A r!

0

@
1 2 0
1 1 0
2 1 0

1

A c!

0

@
1 2 1
1 1 0
2 1 �1

1

Aß) � = 1.

2.  A =

0

BBBBB@

0 1
0 2

. . .
. . .
0 n� 1

n 0

1

CCCCCA
, B =

✓
2 1
5 3

◆
, C =

✓
A O

O B

◆
ßŸ• n � 2ß¶ C

�1.

)µ(A,E) !

0

BBBBB@

1 0 1/n
1 1 0

1 1/2 0
. . .

. . .
. . .

1 1/(n� 1) 0

1

CCCCCA
,) A

�1 =

0

BBBBB@

0 1/n
1 0

1/2 0
. . .

. . .
1/(n� 1) 0

1

CCCCCA
ß

B
�1 =

✓
3 �1
�5 2

◆
, C

�1 =

✓
A

�1

B
�1

◆
.

3.  A 2 R3⇥3
, |A| 6= 0ßÖk Aij = 2aij , i, j = 1, 2, 3ßŸ• Aij è›É aij 

ìÍ{f™ß¶ |A⇤|.
)µA

⇤ = 2AT
, 2AT

A = A
⇤
A = |A|Eß1™ß23|A|2 = |2AT

A| = |A|3.
œè |A| 6= 0ß|A| = 8ßu¥k |A⇤| = |2AT| = 8|A| = 64.

){µ|A| 6= 0ßK|A⇤| = ||A|A�1| = |A|2ßqk|A⇤| = |2AT| = 8|A|ß|A| = 8ßÖ|A⇤| = 8|A| = 64.

4. › A = MN
TßŸ• M,N 2 Rn⇥r (r  n), |NT

M | 6= 0. yµr(A2) = r(A).
yµ|NT

M | 6= 0, (NT
M)3å_ß

 r = r((NT
M)3) = r(NT

A
2
M)  r(A2

M)  r(A2)  r(A)  r(M)  rßl r(A2) = r(A).
y{µ|NT

M | 6= 0 ) r = r(NT
M)  r(NT) = r(N)  rß) r(N) = r, r(M) = r.

M,N ˜ùßk M = P

✓
Er

O

◆
, N = Q

✓
Er

O

◆
ßŸ• P,Q å_.

u¥k r(A) = r(P

✓
Er

O

◆
(Er, O)QT) = r(P

✓
Er

O

◆
Q

T) = r

✓
Er

O

◆
= r.

A
2 = MN

T
MN

T = (M)((NT
M)NT) = MÑ

Tß|NT
M | 6= 0 ) (NT

M) å_ß
 r(ÑT) = r((NT

M)NT) = r(NT) = rßÖ Ñ
T 2 Rr⇥nßu¥èk r(A2) = r(MÑ

T) = rß
l r(A2) = r(A).

5. Oé1™ D =

�����������

1 2 3 · · · n

2 3 4 · · · n� 1
3 4 5 · · · n� 2
...

...
...

...
n n� 1 n� 2 · · · 1

�����������

. (DÉaij =

⇢
i+ j � 1, i+ j  n+ 1,
2n+ 1� i� j,i+ j > n+ 1.

)

)µD

ri+1�ri
i=n�1,··· ,2

=

�����������

1 2 · · · n� 1 n

1 1 · · · 1 �1
1 1 · · · �1 �1
...

...
...

...
1 �1 · · · �1 �1

�����������

ci+c1
i=2,··· ,n

=

�����������

1 3 · · · n n+ 1
1 2 · · · 2 0
1 2 · · · 0 0
...

...
...

...
1 0 · · · 0 0

�����������

,

1



ùgUÅò1–mµD = (�1)(n+1)+n+···+32n�2(n+ 1) = (�1)n(n�1)/22n�2(n+ 1).

.(10©) kï˛|

↵1 =

0

BB@

2
�2
�1
4

1

CCA ,↵2 =

0

BB@

1
�2
0
1

1

CCA ,↵3 =

0

BB@

1
�4
1
�1

1

CCA ,↵4 =

0

BB@

1
0
2
3

1

CCA ,↵5 =

0

BB@

2
1
2
7

1

CCA.

(1)¶òá4å'|ßø^4å'|L´Ÿ{ï˛
(2) 34ëï˛| e1, e2, e3, e4 •È—§kÿUï˛| ↵1,↵2,↵3,↵4,↵5 Ç5L´ï˛ß
Ÿ• e1 = (1, 0, 0, 0)T, e2 = (0, 1, 0, 0)T, e3 = (0, 0, 1, 0)T, e4 = (0, 0, 0, 1)T.

)µ(↵1,↵2,↵3,↵4,↵5|e1, e2, e3, e4) !

0

BB@

1 0 �1 0 1 2/3 1/3 �1/3 0
0 1 3 0 �1.5 �2/3 �5/6 1/3 0
0 0 0 1 1.5 1/3 1/6 1/3 0
0 0 0 0 0 �3 �1 0 1

1

CCA.

(1) òá4å'|è ↵1,↵2,↵4ßÖ ↵3 = �↵1 + 3↵2,↵5 = ↵1 � 1.5↵2 + 1.5↵4ß
(2) 141©˛ö"ï˛ÿUL´ß=ï˛ e1, e2, e4.

){µ(1) (↵1,↵2,↵3,↵4,↵5) !

0

BB@

1 0 �1 0 1
0 1 3 0 �1.5
0 0 0 1 1.5
0 0 0 0 0

1

CCA.

òá4å'|è ↵1,↵2,↵4ßÖ ↵3 = �↵1 + 3↵2,↵5 = ↵1 � 1.5↵2 + 1.5↵4ß

(2) (↵1,↵2,↵4|e1, e2, e3, e4) !

0

BB@

1 0 0 2/3 1/3 �1/3 0
0 1 0 �2/3 �5/6 1/3 0
0 0 1 1/3 1/6 1/3 0
0 0 0 �3 �1 0 1

1

CCA.

141©˛ö"ï˛ÿUL´ß=ï˛ e1, e2, e4.

n.(10©)  A 2 R3⇥3ßA 1òè ↵1 =

0

@
2
�1
�1

1

AßÖ ⇠1 =

0

@
3
3
1

1

A ⁄ ⇠2 =

0

@
1
�2
�1

1

A

¥‡gÇ5êß| (A� 2E)x = ✓ ö")ß¶ A.
)µAe1 = ↵1, A⇠1 = 2⇠1, A⇠2 = 2⇠2ß A(e1, ⇠1, ⇠2) = (↵1, 2⇠1, 2⇠2)ß

A = (↵1, 2⇠1, 2⇠2)(e1, ⇠1, ⇠2)�1 =

0

@
2 0 0
�1 6 �9
�1 4 �7

1

A.

){µ A =

0

@
2 a12 a13

�1 a22 a23

�1 a32 a33

1

Aßd (A� 2E)⇠i = ✓, i = 1, 2ß



8
>>>>>><

>>>>>>:

3a12 + a13 = 0,
3a22 + a23 = 9,
3a32 + a33 = 5,
�2a12 � a13 = 0,
�2a22 � a23 = �3,
�2a32 � a33 = �1,

)

8
<

:

a12 = a13 = 0,
a22 = 6, a23 = �9,
a32 = 4, a33 = �7.

 A =

0

@
2 0 0
�1 6 �9
�1 4 �7

1

A.

){nµ(A� 2E)(⇠1, ⇠2) = Oß

✓
⇠
T
1

⇠
T
2

◆
(A� 2E)T = Oß= (A� 2E)T èêß|

✓
⇠
T
1

⇠
T
2

◆
x = ✓ ).

✓
⇠
T
1

⇠
T
2

◆
!

✓
1 0 �1/9
0 1 4/9

◆
ßœ)è x = k

0

@
1
�4
9

1

A. ¥ (A� 2E)T 1ò1è (0,�1,�1)ß

 (A� 2E)T =

0

@
0 �1 �1
0 4 4
0 �9 �9

1

AßÅk A =

0

@
2 0 0
�1 6 �9
�1 4 �7

1

A.

o. (15©) eö‡gÇ5êß|k3áÇ5')ï˛µ8
<

:

x1 + 2x2 � x3 � x4 = 1,
�x1 + x2 + 2x3 + 7µx4 = �2,
4x1 + 9x2 � 5x3 � 6x4 = 5.

2



(1) ¶—Têß|XÍ›ù(2) ¶—ÎÍ �, µ ä±9êß|œ).

)µ(1) (A, b) !

0

@
1 0 1 3 �1
0 1 �1 �2 1
0 0 3� � 7µ+ 2� 3� �� 3

1

Aß')ï˛ ↵1,↵2,↵3.

¥ ↵1 � ↵2,↵1 � ↵3 ¥ Ax = ✓ ¸á')ß r(A) = 2.
(2) d r(A) = 2  � = 3, µ = 1. - x3 = x4 = 0òáA)⌘ = (�1, 1, 0, 0)Tß
ÈA‡gêß|ƒ:)Xè �1 = (�1, 1, 1, 0)T,�2 = (�3, 2, 0, 1)Tßœ)è ⌘ + k1�1 + k2�2.

 .(15©)  A =

0

@
2 6 6
3 �1 3
�3 �3 �7

1

A.

(1) Oé› A Aä⁄Aï˛(2) Oé› (A2 +A
⇤ + 2E)�1 Aä⁄Aï˛.

)µ(1) |�E �A| = (�� 2)(�+ 4)2ßAä � = 2,�4().
� = 2ßAï˛è k1⇠1, ⇠1 = (�2,�1, 1)Tß
� = �4ßAï˛è k2⇠2 + k3⇠3, ⇠2 = (�1, 1, 0)T, ⇠3 = (�1, 0, 1)T.
(2) |A| = 32ß- B = A

2 +A
⇤ + 2E = A

2 + 32A�1 + 2EßB⇠1 = (22 + 32 ⇤ (1/2) + 2)⇠1 = 22⇠1,
B⇠2 = 10⇠2, B⇠3 = 10⇠3ß B

�1
⇠1 = (1/22)⇠1, B�1

⇠2 = (1/10)⇠2, B�1
⇠3 = (1/10)⇠3.

u¥ (A2 +A
⇤ + 2E)�1 Aäè 1/22, 1/10, 1/10ßÈAAï˛è ⇠1, ⇠2, ⇠3.

8.(10©) › A 2 Rm⇥n
, r(A) < nßï˛| ↵1,↵2, · · · ,↵s ¥‡gÇ5êß| Ax = ✓

ƒ:)Xß› N = (↵1,↵2, · · · ,↵s) 2 Rn⇥s. yµr(AT
, N) = n.

yµêáyr

✓
A

N
T

◆
= n 

✓
A

N
T

◆
x = ✓ êk").

œè)˜v Ax = ✓ßxèƒ:)X|‹ßl3sëï˛ y ¶ x = Ny.
q x ˜vN

T
x = ✓ß= N

T
Ny = ✓ß x

T
x = y

T
N

T
Ny = 0ßu¥ x = ✓ è")ß(ÿy.

y{µ¥ r(A) = n�sß A
T 4å'| �1, · · · ,�n�sß- B = (�1, · · · ,�n�s)ßKk B

T
N = O.

ƒ k1�1 + · · ·+ kn�s�n�s + t1↵1 + · · ·+ ts↵s = � + ↵ = ✓ß

Ÿ• � = k1�1 + · · ·+ kn�s�n�s = Bx, ↵ = t1↵1 + · · ·+ ts↵s = Ny, x =

0

B@
k1
...

kn�s

1

CA , y =

0

B@
t1
...
ts

1

CA.

Kk �
T
↵ = x

T
B

T
Ny = 0ß 0 = �

T
✓ = �

T(� + ↵) = �
T
�ß � = ✓ßu¥ ↵ = ✓.

l k1 = · · · = kn�s = 0, t1 = · · · = ts = 0ß= (B,N) = (�1, · · · ,�n�s,↵1, · · · ,↵s) Ç5'ß
k r(B,N) = nßÅå n = r(B,N)  r(AT

, N)  nß= r(AT
, N) = n.

3



Ç5ìÍœ•¡Ú âY  (2019.11.16)

ò. {âÜOéò(,ò5òßœò8©ß40©)

1. Oé1™ D =

��������

2 3 4 5
1 2 3 4
�1 3 1 0
1 2 1 3

��������
.

)µD =

��������

0 �1 2 �1
0 0 2 1
0 5 2 3
1 2 1 3

��������
= �

������

�1 2 �1
0 2 1
5 2 3

������
= �

������

�1 2 �1
0 2 1
0 12 �2

������
= �16.

2. › A =

0

@
1 2 0
3 4 0
0 0 �4

1

Aß¶› B =

0

@
M11 M21 M31

M12 M22 M32

M13 M23 M33

1

AßŸ• Mijè1™|A|ijÉ{f™.

)µ|A| = 8 6= 0, A
⇤ = |A|A�1 = 8

0

@
�2 1 0
3/2 �1/2 0
0 0 �1/4

1

A =

0

@
�16 8 0
12 �4 0
0 0 �2

1

A .

u¥ B =

0

@
A11 �A21 A31

�A12 A22 �A32

A13 �A23 A33

1

A =

0

@
�16 �8 0
�12 �4 0
0 0 �2

1

A .

){µM11 = �16,M21 = �8,M31 = 0,M12 = �12,M22 = �4,M32 = 0,M13 = M23 = 0,M33 = �2

 B =

0

@
�16 �8 0
�12 �4 0
0 0 �2

1

A .

3. Æ A
�1 =

0

@
2 1 4
1 �2 3
�2 1 �6

1

Aß¶ (E +A)�1.

)µ(E +A)�1 = (A(E +A
�1))�1 = (E +A

�1)�1
A

�1.

(E +A
�1)�1 =

0

@
3 1 4
1 �1 3
�2 1 �5

1

A
�1

=

0

@
2 9 7
�1 �7 �5
�1 �5 �4

1

Aß

 (E +A)�1 =

0

@
2 9 7
�1 �7 �5
�1 �5 �4

1

A

0

@
2 1 4
1 �2 3
�2 1 �6

1

A =

0

@
�1 �9 �7
1 8 5
1 5 5

1

A.

){µ(E +A)�1 = (A(E +A
�1))�1 = (E +A

�1)�1
A

�1ß=)›êßµ(E +A
�1)X = A

�1.

(E +A
�1|A�1) =

0

@
3 1 4 2 1 4
1 �1 3 1 �2 3
�2 1 �5 �2 1 �6

1

A !

0

@
1 0 0 �1 �9 �7
0 1 0 1 8 5
0 0 1 1 5 5

1

A.

 (E + A)�1 =

0

@
�1 �9 �7
1 8 5
1 5 5

1

A.

){nµA = (A�1)�1 =

0

@
2 1 4
1 �2 3
�2 1 �6

1

A
�1

=

0

@
3/2 5/3 11/6
0 �2/3 �1/3

�1/2 �2/3 �5/6

1

Aß

 (E + A)�1 =

0

@
5/2 5/3 11/6
0 1/3 �1/3

�1/2 �2/3 1/6

1

A
�1

=

0

@
�1 �9 �7
1 8 5
1 5 5

1

A.

4.  A = (↵1,↵2,↵3), B = (�3↵2 + ↵3,↵1 � ↵2 + 2↵3,�2↵1 + ↵2 � ↵3), |B| = 16ß¶ |A+B|.

)µB = (↵1,↵2,↵3)

0

@
0 1 �2
�3 �1 1
1 2 �1

1

A = ACß¥ |C| = 8, |B| = |AC| = |A| · |C| = 16ß |A| = 2.

1



u¥ |A+B| = |A(E + C)| = |A| · |E + C| = 2

������

1 1 �2
�3 0 1
1 2 0

������
= 22.

){µ|B| = |�3↵2+↵3,↵1�↵2+2↵3,�↵2+3↵3| = |�8↵3,↵1�↵2,�↵2+3↵3| = 8|A| = 16ß|A| = 2.
|A+B| = |↵1 � 3↵2 + ↵3,↵1 + 2↵3,�2↵1 + ↵2| = |� 5.5↵1, 2↵3,↵2| = 11|A| = 22.

){nµB = (↵1,↵2,↵3)

0

@
0 1 �2
�3 �1 1
1 2 �1

1

A = ACßK A = BC
�1 = B(

1

8

0

@
�1 �3 �1
�2 2 6
�5 1 3

1

A)

|A+B| = |B(C�1 + E)| = |B| ·

������

7/8 �3/8 �1/8
�2/8 10/8 6/8
�5/8 1/8 11/8

������
= 16⇥ 11

8
= 22.

5. › A,B 2 Rm⇥nßy r(AAT +BB
T) = r(A,B).

yµ(AA
T +BB

T ) = (A,B)

✓
A

T

B
T

◆
.

e x ˜v

✓
A

T

B
T

◆
x = ✓ßKk (AAT +BB

T )x = (A,B)

✓
A

T

B
T

◆
x = ✓.

e x ˜v (AAT +BB
T )x = ✓ß- y =

✓
A

T

B
T

◆
xßKk x

T (AA
T +BB

T )x = y
T
y = 0ß

 y =

✓
A

T

B
T

◆
x = ✓ßl (AAT +BB

T )x = ✓ Ü

✓
A

T

B
T

◆
x = ✓ ”).

u¥ r(N(AAT +BB
T )) = r(N

✓
A

T

B
T

◆
)ß?ò⁄k r(AA

T +BB
T ) = r

✓
A

T

B
T

◆
= r(A,B).

.(15©)  A =

0

@
1 �3 5
�2 1 �3
�1 �7 9

1

A ,� =

0

@
4
�3
6

1

A , � =

0

@
3
s

2.4

1

AßŸ• s èÎÍ.

(1) )êß| Ax = � (2) - B =

✓
A �

�
T 3

◆
ß)êß| By = ✓.

)µ(1) (A, β) !

0

@
1 �3 5 4
0 �5 7 5
0 �10 14 10

1

A !

0

@
1 0 4/5 1
0 1 �7/5 �1
0 0 0 0

1

Aß

òáA)èµ⌘ =

0

@
1
�1
0

1

Aß‡gêß|ƒ:)Xèµ⇠ =

0

@
�4/5
7/5
1

1

Aßœ)èµ⌘ + k⇠, k 2 R.

(2) |^(1)Oé(Jßk B !

0

BB@

1 0 4/5 1
0 1 �7/5 �1
0 0 0 0
3 s 2.4 3

1

CCA !

0

BB@

1 0 4/5 1
0 1 �7/5 �1
0 0 s 5s/7
0 0 0 0

1

CCA.

 s = 0 ûßB !

0

BB@

1 0 4/5 1
0 1 �7/5 �1
0 0 0 0
0 0 0 0

1

CCAßƒ:)Xµ⇠1 =

0

BB@

�4/5
7/5
1
0

1

CCA , ⇠2 =

0

BB@

�1
1
0
1

1

CCAß

œ)èµk1⇠1 + k2⇠2, k1, k2 2 R.

 s 6= 0 ûßB !

0

BB@

1 0 0 3/7
0 1 0 0
0 0 1 5/7
0 0 0 0

1

CCAßƒ:)Xµ⇠3 =

0

BB@

�3/7
0

�5/7
1

1

CCAßœ)èµk3⇠3, k3 2 R.

(2)){µ|^(1)Lßß(A,�)y = ✓åœ) y = k1⇠1+k2⇠2ßŸ• ⇠1 =

0

BB@

�4/5
7/5
1
0

1

CCA , ⇠2 =

0

BB@

�1
1
0
1

1

CCAß

ì\ B Åò1 (�T
, 3)y = 0 Oé

7

5
sk1 + sk2 = 0ß

2



 s = 0 ûß™§·ßœ)è k1⇠1 + k2⇠2, k1, k2 2 R.

 s 6= 0 ûßk1 = �5

7
k2ßœ)è k2(�

5

7
⇠1 + ⇠2) = k2

0

BB@

�3/7
0

�5/7
1

1

CCA , k2 2 R.

n. (10©)  n › A ˜v (A⇤)⇤ = OßŸ• (A⇤)⇤ ¥ A äë› A
⇤ äë›ßy |A| = 0.

yµáy{ß|A| 6= 0ßKk A
⇤ = |A|A�1

, |A⇤| = |A|n�1 6= 0ß
?ò⁄k (A⇤)⇤ = |A⇤|(A⇤)�1 = |A|n�2

A.
œè (A⇤)⇤ = Oß |A|n�2

A = Oßl A = Oß— |A| = 0 gÒß |A| = 0.

y{µ|A|AA⇤
A

⇤⇤ = |A|2A⇤⇤ = |A|2O = Oß
|A|AA⇤

A
⇤⇤ = |A| · |A⇤|A = |AA

⇤|A = | |A|E |A = |A|nAß
 |A|nA = Oßu¥ˆ |A| = 0ßˆ A = Oßlèk |A| = 0.

y{nµAA
⇤ = |A|Eß¸>1™ |A| · |A⇤| = |A|nß”nk |A⇤| · |A⇤⇤| = |A⇤|n.

œè A
⇤⇤ = Oß |A⇤|n = |A⇤| · |O| = 0ßu¥ |A⇤| = 0ß?ò⁄ |A|n = |A| · |A⇤| = 0ßÅk |A| = 0.

o.(15©) ¸áï˛| A : ↵1 =

0

BB@

2
4
3
1

1

CCA ,↵2 =

0

BB@

4
8
6
2

1

CCA ,↵3 =

0

BB@

1
3
1
2

1

CCA ⁄ B : �1 =

0

BB@

1
1
2
�1

1

CCA ,�2 =

0

BB@

2
�3
�5
2

1

CCA ,�3 =

0

BB@

�3
7
12
�5

1

CCA.

(1) ©O¶ï˛| A òá4å'|⁄ï˛| B òá4å'|
(2) Èòáï˛ � ¶ï˛| ↵1,↵2,↵3, � Üï˛| �1,�2,�3, � dßâ—nd.

)µ(1) (↵1,↵2,↵3,�1,�2,�3) !

0

BB@

1 2 0 1 0 1
0 0 1 �1 0 �1
0 0 0 0 1 �2
0 0 0 0 0 0

1

CCAß

 A òá4å'|èµ↵1,↵3ßA [B òá4å'|èµ↵1,↵3,�2.

(�1,�2,�3,↵1,↵2,↵3) !

0

BB@

1 0 1 0 0 �1
0 1 �2 0 0 0
0 0 0 1 2 1
0 0 0 0 0 0

1

CCAß

 B òá4å'|èµ�1,�2ßA [B òá4å'|èµ�1,�2,↵1.
(2) A •\ �2 åL´ BßB •\ ↵1 åL´ Aßå � = �2 + ↵1 = (4, 1,�2, 3)Tß
u¥ {↵1,↵2,↵3, �} du {↵1,↵3,�2}ßdu {�1,�2,↵1} du {�1,�2,�3, �}.
=V\ � ¸|ï˛|d.

 .(10©)  A =

0

@
1 �2 2
�2 1 0
�5 5 10

1

A.

(1) ¶ A Aä⁄Aï˛ (2) Oé1™ |3E +A
⇤|.

)µ(1) |�E �A| =

������

�� 1 2 �2
2 �� 1 0
5 �5 �� 10

������
=

������

�+ 1 2 �2
�+ 1 �� 1 0
0 �5 �� 10

������
= (�+ 1)(�� 5)(�� 8)ß

Aäèµ�1 = �1,�2 = 5,�3 = 8.

�1 = �1 ûß

0

@
�2 2 �2
2 �2 0
5 �5 �11

1

A !

0

@
1 �1 0
0 0 1
0 0 0

1

Aßƒ:)X:⇠1 =

0

@
1
1
0

1

AßAï˛µk1⇠1, k1 6= 0.

�2 = 5 ûß

0

@
4 2 �2
2 4 0
5 �5 �5

1

A !

0

@
1 0 �2/3
0 1 1/3
0 0 0

1

Aßƒ:)X:⇠2 =

0

@
2/3
�1/3
1

1

AßAï˛µk2⇠2, k2 6= 0.

�3 = 8ûß

0

@
7 2 �2
2 7 0
5 �5 �2

1

A!

0

@
1 0 �14/45
0 1 4/45
0 0 0

1

A, ƒ:)X:⇠3 =

0

@
14/45
�4/45

1

1

AßAï˛:k3⇠3, k3 6= 0.

(2) |A| = �1�2�3 = �40 6= 0ß A
⇤ = |A|A�1 = �40A�1ß

3



(3E+A
⇤)⇠i = 3⇠i�40��1

i ⇠i = (3�40/�i)⇠i, i = 1, 2, 3ß 3E+A
⇤kAä µi = 3�40/�i = 43,�5,�2ß

u¥ |3E +A
⇤| = µ1µ2µ3 = 430.

(2) ){µ|A| = �1�2�3 = �40 6= 0ß

 A
⇤ = |A|A�1 = �40A�1 = �40

0

@
�1/4 �3/4 1/20
�1/2 �1/2 1/10
1/8 �1/8 3/40

1

A =

0

@
10 30 �2
20 20 �4
�5 5 �3

1

Aß

u¥ |3E +A
⇤| =

������

13 30 �2
20 23 �4
�5 5 0

������
=

������

13 43 �2
20 43 �4
�5 0 0

������
= 430.

(2) ){nµ|A| = �1�2�3 = �40ß B = A(3E +A
⇤) = 3A+ |A|E = 3A� 40Eß

u¥ |A| · |3E +A
⇤| = |B| =

������

�37 �6 6
�6 �37 0
�15 15 �10

������
= �17200ß |3E +A

⇤| = �17200/(�40) = 430.

8.(10©)  n ¢› A ⇠ D =

0

BBB@

d1

d2

. . .
dn

1

CCCA
, di 2 R, i = 1, 2, · · · , n, f(�) = |�E �A|.

(1) y f(di) = 0, i = 1, 2, · · · , n (2) y f(A) = O.
yµ(1) œè A ⇠ Dß f(�) = |�E �A| = |�E �D| = (�� d1) · · · (�� dn)ß§± f(di) = 0.

(2) f(A) ⇠ f(D) =

0

BBB@

f(d1) 0 · · · 0
0 f(d2) · · · 0
...

...
...

0 0 · · · f(dn)

1

CCCA
= Oß f(A) = P

�1
OP = O.

(2) y{µœè A ⇠ Dßkå_› P ¶ A = P
�1

DPßÖ A kAä d1, d2, · · · , dnß
l f(�) = (�� d1)(�� d2) · · · (�� dn). u¥
f(A) = (A� d1E) · · · (A� dnE)

= (P�1
DP � d1E) · · · (p�1

DP � dnE)
= P

�1(D � d1E)P · P�1(D � d2E)P · · ·P�1(D � dnE)P
= P

�1(D � d1E)(D � d2E) · · · (D � dnE)P

= P
�1

0

BBB@

0
d2 � d1

. . .
dn � d1

1

CCCA

0

BBB@

d1 � d2

0
. . .

dn � d2

1

CCCA
· · ·

0

BBB@

d1 � dn

d2 � dn

. . .
0

1

CCCA
P

= P
�1

OP = O.

4
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ò. {âÜOéò(,ò5òßœò8©ß40©)

1. Oé1™ D =

��������

1 2 3 4
�1 1 2 3
0 �1 1 2
0 0 �1 1

��������
.

)µD =

��������

1 2 3 4
0 3 5 7
0 �1 1 2
0 0 �1 1

��������
=

������

3 5 7
�1 1 2
0 �1 1

������
= 3 + 7 + 5 + 6 = 21.

){µD =

��������

0 0 0 21
�1 1 2 3
0 �1 1 2
0 0 �1 1

��������
= �21

������

�1 1 2
0 �1 1
0 0 �1

������
= 21.

2.  A =

0

@
1 �2 1
2 1 3
1 �1 1

1

A , B =

0

@
�6 8
4 5
2 2

1

AC =

0

@
1 3
2 2
3 1

1

Aß¶ X ¶ A(X �B) = C.

)µ(A,C) !

0

@
1 0 0 15 �7
0 1 0 2 �2
0 0 1 �10 6

1

AßKµY = X �B =

0

@
15 �7
2 �2

�10 6

1

AßµX = B + Y =

0

@
9 1
6 3
�8 8

1

A.

){µ(A,AB + C) =

0

@
1 �2 1 �11 3
2 1 3 0 29
1 �1 1 �5 6

1

A !

0

@
1 0 0 9 1
0 1 0 6 3
0 0 1 �8 8

1

AßµX =

0

@
9 1
6 3
�8 8

1

Aß

){nµ(A,E) !

0

@
1 0 0 �4 �1 �7
0 1 0 �1 0 1
0 0 1 3 1 �5

1

Aß A
�1 =

0

@
�4 �1 7
�1 0 1
3 1 �5

1

Aß

u¥ X = B +A
�1

C =

0

@
�6 8
4 5
2 2

1

A+

0

@
15 �7
2 �2

�10 6

1

A =

0

@
9 1
6 3
�8 8

1

A.

3. Æ A =

0

@
4 18 �8
�1 x 4
�3 �12 5

1

A , B =

0

@
1 �2 2
1 y 1
1 2 0

1

AßÖ A Équ Bß¶ÎÍ x, y.

)µA ⇠ Bß tr(A) = tr(B), |A| = |B|ß= 4+ x+5 = 1+ y+0,�2(2x+15) = �2yßµx = �7, y = 1.

){µÉq›kÉ”Aıë™ßk

������

�� 4 �18 8
1 �� x �4
3 12 �� 5

������
=

������

�� 1 2 �2
�1 �� y �1
�1 �2 �

������
ß

=µ�
3 � (x+ 9)�2 + (9x+ 62)�+ 4x+ 30 = �

3 � (y + 1)�2 + (y � 2)�+ 2yß
'XÍµx = �7, y = 1.

){nµÉq›kÉ”Aıë™ßk

������

�� 4 �18 8
1 �� x �4
3 12 �� 5

������
=

������

�� 1 2 �2
�1 �� y �1
�1 �2 �

������
ß

 � = 0 k 2(2x+ 15) = 2yß � = 1 k �48� 4(3x+ 9) = �4 + 2(3� y)ß) x = �7, y = 1.

){oµÉq›kÉ”Aäß

������

�� 1 2 �2
�1 �� y �1
�1 �2 �

������
= (�+ 1)(�� y)(�� 2)ßkAä � = �1, y, 2.

k |� E �A| = �6(x+ 7) = 0ßu¥ x = �7.



������

�� 4 �18 8
1 �+ 7 �4
3 12 �� 5

������
= (�� 2)(�+ 1)(�� 1)ßkAä � = 2,�1, 1ß y = 1.

4. Æ› A,B 2 R3⇥3ßA kAä �1,�2, 2ßÖk |A�1
B| = 2ß¶ |B|.

)µ|A�1
B| = |A�1| · |B| = |A|�1|B| = 2ß |B| = 2|A| = 2 ⇤ (�1)(�2)(2) = 8.

){µ¥ A
�1 kAä �1,�1/2, 1/2ß |A�1| = (�1)(�1/2)(1/2) = 1/4.

1



u¥ 2 = |A�1
B| = |A�1| · |B| = |B|/4ß |B| = 8.

5. Æï˛ ↵1,↵2 2 Rn
, (n > 2)ß↵1,↵2 Ç5'ße B =

✓
↵
T
1 ↵1 ↵

T
1 ↵2

↵
T
2 ↵1 ↵

T
2 ↵2

◆
ßyµr(B) = 2.

yµ A = (↵1,↵2)ßK B = A
T
A. e x ˜v Bx = ✓ßK x

T
Bx = (Ax)T(Ax) = 0ß Ax = ✓.

q ↵1,↵2 Ç5'ß r(A) = r(↵1,↵2) = 2ß x = ✓ßu¥ Bx = ✓ êk")ßl r(B) = 2.

y{µb r(B) 6= 2ßK |B| =
����
↵
T
1 ↵1 ↵

T
1 ↵2

↵
T
2 ↵1 ↵

T
2 ↵2

���� = ↵
T
1 ↵1↵

T
2 ↵2 �↵

T
2 ↵1↵

T
1 ↵2 = ↵

T
1 ↵1↵

T
2 ↵2 � (↵T

1 ↵2)2 = 0ß

= (↵T
1 ↵2)2 = ↵

T
1 ↵1↵

T
2 ↵2. Ö‹ÿ™ (↵T

1 ↵2)2  ↵
T
1 ↵1↵

T
2 ↵2ßÖ= ↵1,↵2 §'~û™§·ß

d= ↵1,↵2 Ç5É'ßÜ^ágÒß r(B) = 2.

.(10©) )êß|

8
<

:

2x1 + 3x2 � 5x3 + 4x4 = �11,
x1 + ax2 + 2x3 � 7x4 = 7,
3x1 � x2 � 2x3 � 5x4 = 0.

)µ(A, b) =

0

@
2 3 �5 4 �11
1 a 2 �7 7
3 �1 �2 �5 0

1

A !

0

@
1 0 �1 �1 �1
0 1 �1 2 �3
0 0 a+ 3 �2a� 6 3a+ 8

1

A.

 a = �3 û, (A, b) !

0

@
1 0 �1 �1 �1
0 1 �1 2 �3
0 0 0 0 �1

1

A, r(A) = 2 < r(A, b) = 3ßêß|).

 a 6= �3 ûß(A, b) !

0

@
1 0 0 �3 (2a+ 5)/(a+ 3)
0 1 0 0 �1/(a+ 3)
0 0 1 �2 (3a+ 8)/(a+ 3)

1

A, r(A) = r(A, b) = 2ß

êß|k°ı|)ßœ)è x =

0

@
(2a+ 5)/(a+ 3)

�1/(a+ 3)
(3a+ 8)/(a+ 3)

1

A+ k

0

BB@

3
0
2
1

1

CCA , k 2 R.

n.(10©)  A 2 R2⇥3
, r(A) = 2ß⇠1 =

0

@
�3
1
1

1

A , ⇠2 =

0

@
�5
3
2

1

A , b 6= ✓ßÖk A⇠1 = 2b, A⇠2 = 3b.

— Ax = b œ)ø¶A) ⌘ ¶ ⌘
T
⌘ = min{xT

x | Ax = b } (¶ x
T
xÅ)).

)µA⇠1 = 2b, A⇠2 = 3bß ⌘ = ⇠2 � ⇠1 =

0

@
�2
2
1

1

A ,↵ = 3⇠1 � 2⇠2 =

0

@
1
�3
�1

1

Aß

Kk A⌘ = A(⇠2 � ⇠1) = 3b� 2b = b, A↵ = A(3⇠1 � 2⇠2) = 6b� 6b = ✓.
qk r(A) = 2ß Ax = ✓ ƒ:)X1áï˛ß Ax = b œ)è x = ⌘ + k↵, k 2 R.
d x

T
x = x

2
1 + x

2
2 + x

2
3 = (�2 + k)2 + (2� 3k)2 + (1� k)2 = 11k2 � 18k + 9 = 11(k � 9/11)2 + 18/11ß

 k = 9/11 ûßA) ⌘ = (�13/11,�5/11, 2/11)T ¶ x
T
x Å.

){µ ⌘1 =
1

2
⇠1 =

0

@
� 3

2
1
2
1
2

1

A , ⌘2 =
1

3
⇠2 =

0

@
� 5

3
1
2
3

1

A ,↵ = ⌘1 � ⌘2 =

0

@
1
6

� 1
2

� 1
6

1

Aß

Kk A⌘1 = A(
1

2
⇠1) =

1

2
2b = b, A↵ = A(⌘1 � ⌘2) = b� b = ✓ßq r(A) = 2,œ)èx = ⌘1 + k↵, k 2 R.

- f(k) = x
T
x = (�3

2
+

k

6
)2 + (

1

2
� k

2
)2 + (

1

2
� k

6
)2ßK f

0(k) =
11k

18
� 7

6
= 0ß)Å: k =

21

11
ß

ì\œ)§¶A) ⌘ = (�13/11,�5/11, 2/11)T.

o. (15©) kï˛|

↵1 =

0

BB@

1
8
�1
4

1

CCA ,↵2 =

0

BB@

3
0
�5
4

1

CCA ,↵3 =

0

BB@

0
12
1
4

1

CCA ,↵4 =

0

BB@

2
6
�2
4

1

CCA ,↵5 =

0

BB@

�2
�4
3
�4

1

CCA.

(1)¶òá4å'|ßø^4å'|L´Ÿ{ï˛

2



(2) ï˛|•Kòáï˛ß¶KTï˛ï˛|ù~.

)µ(1) (↵1,↵2,↵3,↵4,↵5) !

0

BB@

1 0 3/2 0 �1/2
0 1 �1/2 0 �1/2
0 0 0 1 0
0 0 0 0 0

1

CCA = Bßòá4å'ï˛|è ↵1,↵2,↵4.

¥ ↵3 =
3

2
↵1 �

1

2
↵2,↵5 = �1

2
↵1 �

1

2
↵2.

(2) l1{zF/ B å±w—ßK (0, 0, 1, 0)T ß1{zF/ B ùd3~è2ß
Kï˛|•ÈAï˛ ↵4 =å.

){µ(1) (↵1,↵2,↵3,↵4,↵5) !

0

BB@

1 3 0 0 �2
0 �2 1 0 1
0 0 0 1 0
0 0 0 0 0

1

CCA = (�1,�2,�3,�4,�5)ß

¥ �1,�2,�3,�4,�5 òá4å'ï˛|è �1,�3,�4ßÖk �2 = 3�1 � 2�3,�5 = �2�1 + �3ß
KÈA ↵1,↵2,↵3,↵4,↵5 òá4å'ï˛|è ↵1,↵3,↵4ßøk ↵2 = 3↵1 � 2↵3,↵5 = �2↵1 + ↵3.
(2) œè �4 ÿUd �1,�2,�3,�5 L´ß ↵4 ÿUd ↵1,↵2,↵3,↵5 L´ßK ↵4 Ú¶ï˛|
4å'|†ß=ù~.

 .(15©) Æ› A =

0

@
3 �2 1
5 �4 �5
�2 2 5

1

A.

(1) Oé A Aä⁄Aï˛(2) ¶òá2gıë™ f(x)ß¶› B = f(A) kòá3Aä.

)µ(1) |�E �A| =

������

�� 1 2 �1
�� 1 �+ 4 5
0 �2 �� 5

������
= (�� 1)2(�� 2)ß)Aä � = 1(),2.

� = 1 ûß)êß| E �A !

0

@
1 �1 0
0 0 1
0 0 0

1

AßAï˛è k1⇠1, ⇠1 = (1, 1, 0)Tß

� = 2 ûß)êß| E �A !

0

@
1 0 �4
0 1 �5/2
0 0 0

1

AßAï˛è k2⇠2, ⇠2 = (4, 5/2, 1)T.

(2)  f(x) = (x� 1)(x� 2) = x
2 � 3x+ 2ßK f(A) = A

2 � 3A+ 2E Aäè f(1), f(1), f(2)ß
= 0, 0, 0ßAäè30.

(2)){µ f(x) = x
2+ax+bßK f(A) = A

2+aA+bEAäè f(1) = 1+a+b = f(2) = 4+2a+bß
) a = �3ßb å?øäßÿî b = 0ßK f(x) = x

2 � 3xß3Aäè f(1) = f(2) = �2.
(2)){nµœè (1� 1.5)2 = 0.25 = (2� 1.5)2ß f(x) = (x� 3/2)2ß
K f(A) = (A� 1.5E)2 = A

2 � 3A+ 2.25E Aäè f(1) = f(2) = 0.25ßè3Aä.

8.(10©)›A 2 Rn⇥n
, r(A) = n�1,yµA

⇤ = ↵�
TßŸ•↵,� 2 Rnèï˛,ÖkA↵ = ✓, A

T
� = ✓.

( › A
⇤ L´› A äë›)

yµr(A) = n� 1ßÇk |A| = 0ßÖ Ax = ✓ ƒ:)X1áï˛ßè ↵ 6= ✓ßK A↵ = ✓.
œè AA

⇤ = |A|E = Oß A
⇤ è Ax = ✓ )ßk A

⇤ = (k1↵, · · · , kn↵) = ↵(k1, · · · , kn) = ↵�
T.

qk A
⇤
A = |A|E = Oß A

T(A⇤)T = A
T
�↵

T = �↵
T = Oßd ↵ 6= ✓  A

T
� = � = ✓.

y{µr(A) = n� 1ßK|A| = 0ßA3ö"n� 1f™ßA
⇤ 6= Oßl r(A⇤) � 1.

œè AA
⇤ = |A|E = Oß 0 = r(AA

⇤) � r(A) + r(A⇤)� n = r(A⇤)� 1ß r(A⇤)  1.
d r(A⇤) � 1 ⁄ r(A⇤)  1 å r(A⇤) = 1.

Çk©) A
⇤ = P

✓
1

O

◆
Q = Pe1e

T
1 Q = (Pe1)(eT1 Q) = ↵�

Tß

Ÿ•P,Qå_ß↵,�
T©OèP1ò⁄Q1ò1ßÖ ↵,� 6= ✓.

O = AA
⇤ = A↵�

T = (A↵)�Tß� 6= ✓ß A↵ = ✓. ”nd A
⇤
A = O å �

T
A = ✓

Tßl A
T
� = ✓.

3
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ò. {âÜOéò(,ò5òßœò8©ß40©)

1. B = A
⇤ßOé B §kìÍ{f™⁄ß=

4P
i,j=1

Bijßd? A =

0

BB@

0 0 4 5
3 0 5 6
3 0 13 16
5 0 7 0

1

CCA.

)µA !

0

BB@

1 0 3 12
0 0 4 5
0 0 0 1
0 0 0 0

1

CCAßK r(A) = 3ßd AA
⇤ = |A|E = Oß0 = r(O)) = r(AA

⇤) � r(A) + r(A⇤)� 4ß

 r(B) = r(A⇤)  1ßu¥ Bij = 0, i, j = 1, 2, 3, 4. 
4P

i,j=1
Bij = 0.

){µr(A) = 3, AA
⇤ = |A|E = Oß B = A

⇤ è Ax = ✓ )ß

 r(B)  (Ax = ✓ƒ:)Xï˛áÍ)=4-3=1ßu¥ Bij = 0, i, j = 1, 2, 3, 4. 
4P

i,j=1
Bij = 0.

){nµ¥ A
⇤ =

0

BB@

0 0 0 0
A12 A22 A32 A42

0 0 0 0
0 0 0 0

1

CCAß Bij = 0, i, j = 1, 2, 3, 4ßu¥
4P

i,j=1
Bij = 0.

){oµA12 = �200, A22 = �100, A32 = 100, A41 = 0ßŸ{ìÍ{f™œè0˛è0ß

u¥ A
⇤ =

0

BB@

0 0 0 0
�200 �100 100 0
0 0 0 0
0 0 0 0

1

CCAß Bij = 0, i, j = 1, 2, 3, 4. u¥
4P

i,j=1
Bij = 0.

2. Oé1™ D5 =

��������

1 1 1 1
1 3 5 7
1 32 52 72

1 33 53 73

��������
.

)µâÑ1™ D5 = (7� 1)(7� 3)(7� 5)(5� 1)(5� 3)(3� 1) = 768.

){µD5 =

��������

1 1 1 1
0 2 4 6
0 3⇥ 2 5⇥ 4 7⇥ 6
0 32 ⇥ 2 52 ⇥ 4 72 ⇥ 6

��������
= 2⇥ 4⇥ 6

������

1 1 1
3 5 7
22 52 72

������
= 48

������

1 1 1
0 2 4
0 5⇥ 2 7⇥ 4

������
= 768.

3. yµXJ A
c! BßK A ï˛|Ü B ï˛|d.

yµòX–CÜdum¶å_›ß= B = APßPå_ßdL´B¥A|‹ß
Pè|‹XÍ. œèPå_ßk A = BP

�1ß=A¥B|‹ßP
�1è|‹XÍ.

y{µ¥ A ?1–CÜ A1ßK A1 å±L´§ A |‹ßA1 2?1CÜ
 A2ßK A2 å±d A1 L´ßlèå±d A L´ßùgeßA LòX
–CÜ BßK B åd A L´—5.
du–CÜk_CÜß B èå±LòX–CÜ Aß A åd B

L´ßA!B å±ÉpL´ßK A Ü B ï˛|d.

4.  A = (aij)n⇥nßA
k = Oßk > 1 ¥ÍßyµE �A å_.

yµ(E�A)(E+A+ · · ·+A
k�1) = E+A+ · · ·+A

k�1�A�A
2� · · ·�A

k = E�A
k = Eß E�A å_.

y{µáy{ßb E �A ÿå_ßK3 ⇠ 6= ✓ß¶ (E �A)⇠ = ✓ß= A⇠ = E⇠ = ⇠ß
u¥ A

k
⇠ = A

k�1
A⇠ = A

k�1
⇠ = · · · = A⇠ = ⇠ 6= ✓ß¥ A

k
⇠ = O⇠ = ✓ßgÒß E �A å_.

y{nµ � è A ?øAäßK �
k ¥ A

k = O Aäß �
k = 0ßl � = 0ß

u¥ �1 = �2 = · · · = �n = 0. K |E �A| = (1� �1) · · · (1� �n) = 1 6= 0ß E �A å_.

1



5. ⌘ = (1, 1, 1)T ¥› A Aï˛ßOé a, b Ü A §kAäßd?µA =

0

@
2 1 1
1 a b

1 b 2

1

A.

)µœè A⌘ = �⌘ß= (4, a+ b+ 1, b+ 3)T = (�,�,�)Tß) � = 4, b = 1, a = 2.

|�E �A| =

������

�� 2 �1 �1
�1 �� 2 �1
�1 �1 �� 2

������
= (�� 1)2(�� 4) = 0ßAäè � = 1(),4.

.(12©) Oé› X ¶

0

@
1 1 1
�1 1 1
�1 0 1

1

AX

0

@
2 �1 0
�1 2 0
0 �1 2

1

A =

0

@
1 0 0
�1 1 0
0 �1 1

1

A.

)µêß§ AXB = CßKk X = A
�1

CB
�1.

(A,E) =

0

@
1 1 1 1 0 0
�1 1 1 0 1 0
�1 0 1 0 0 1

1

A !

0

@
1 0 0 0.5 �0.5 0
0 1 0 0 1 �1
0 0 1 0.5 �0.5 1

1

Aß A
�1 =

0

@
0.5 �0.5 0
0 1 �1
0.5 �0.5 1

1

A.

”nå B
�1 =

1

6

0

@
4 2 0
2 4 0
1 2 3

1

A.  X = A
�1

CB
�1 =

1

6

0

@
3 0 0
�1 4 �3
2 �2 3

1

A =

0

@
1/2 0 0
�1/6 2/3 �1/2
1/3 �1/3 1/2

1

A.

){µêß§ AXB = Cßk)êß AY = Cßk

(A,C) =

0

@
1 1 1 1 0 0
�1 1 1 �1 1 0
�1 0 1 0 �1 1

1

A !

0

@
1 0 0 1 �0.5 0
0 1 0 �1 2 �1
0 0 1 1 �1.5 1

1

Aß Y =

0

@
1 �0.5 0
�1 2 �1
1 �1.5 1

1

A.

2)êßXB = Yß

✓
B

Y

◆
=

0

BBBBBB@

2 �1 0
�1 2 0
0 �1 2
1 �0.5 0
�1 2 �1
1 �1.5 1

1

CCCCCCA
!

0

BBBBBB@

1 0 0
0 1 0
0 0 1
1/2 0 0
�1/6 2/3 �1/2
1/3 �1/3 1/2

1

CCCCCCA
ßX =

0

@
1/2 0 0
�1/6 2/3 �1/2
1/3 �1/3 1/2

1

A.

n.(14©)
(1)Oé›A = (↵1,↵2,↵3,↵4,↵5)ù,OéAï˛|òá4åÇ5'|,ø^±L´Ÿ{ï˛(6©)
(2) ‰ Ax = b )35ßXk)KOéŸœ)(8©).

A =

0

BB@

0 1 1 �1 �1
1 2 0 �1 �4
0 �1 �1 1 1
�1 �1 1 0 3

1

CCA , b =

0

BB@

�4
2
4
�6

1

CCA .

)µ(1) A =

0

BB@

0 1 1 �1 �1
1 2 0 �1 �4
0 �1 �1 1 1
�1 �1 1 0 3

1

CCA !

0

BB@

1 0 �2 1 �2
0 1 1 �1 �1
0 0 0 0 0
0 0 0 0 0

1

CCAß

òá4å'|èµ↵1,↵2ßøÖk ↵3 = �2↵1 + ↵2,↵4 = ↵1 � ↵2,↵5 = �2↵1 � ↵2.

(2) (A, b) !

0

BB@

1 0 �2 1 �2 10
0 1 1 �1 �1 �4
0 0 0 0 0 0
0 0 0 0 0 0

1

CCAß

r(A) = r(A, b)ßk)ßŸ•òáA)èµ⌘ = (10,�4, 0, 0, 0)TßÈA‡gêß|
ƒ:)Xèµ�1 = (2,�1, 1, 0, 0)T,�2 = (�1, 1, 0, 1, 0)T,�3 = (2, 1, 0, 0, 1)Tß
Ax = b œ)è ⌘ + k1�1 + k2�2 + k3�3, k1, k2, k3 2 R.

){µ(A, b) !

0

BB@

1 0 �2 1 �2 10
0 1 1 �1 �1 �4
0 0 0 0 0 0
0 0 0 0 0 0

1

CCA (*)ß

(1) d(*)™XÍ‹©åßòá4å'|èµ↵1,↵2ßøÖk
↵3 = �2↵1 + ↵2,↵4 = ↵1 � ↵2,↵5 = �2↵1 � ↵2.

(2) d(*)™ r(A) = r(A, b)ßk)ßŸ•òáA)èµ⌘ = (10,�4, 0, 0, 0)TßÈA‡gêß|
ƒ:)Xèµ�1 = (2,�1, 1, 0, 0)T,�2 = (�1, 1, 0, 1, 0)T,�3 = (2, 1, 0, 0, 1)Tß
Ax = b œ)è ⌘ + k1�1 + k2�2 + k3�3, k1, k2, k3 2 R.

2



o. (10©) A è m⇥ n ›ßr(A) = r > 0ßy7k m ëï˛ ↵1,↵2, · · · ,↵r Ü n ëï˛
�1,�2, · · · ,�rß¶ A = ↵1�

T
1 + ↵2�

T
2 + · · ·+ ↵r�

T
r .

yµœè r(A) = r > 0ßkå_› P 2 Rm⇥m ⁄ Q 2 Rn⇥n ¶ A = P

✓
Er O

O O

◆

m⇥n

Q.

U©¨µP = (↵1, · · · ,↵m), QT = (�1, · · · ,�n)ß

Kk A = (↵1,↵2, · · · ,↵m)

✓
Er O

O O

◆
0

B@
�
T
1
...
�
T
n

1

CA = (↵1,↵2, · · · ,↵r)

0

B@
�
T
1
...
�
T
r

1

CA = ↵1�
T
1 + ↵2�

T
2 + · · ·+ ↵r�

T
r .

y{µœèr(A) = r > 0ßå?1òX1–CÜz§1{zF/B =

0

BBB@

�
T
1
...
�
T
r

O

1

CCCA
ß�

T
1 , · · · ,�T

r ö".

dCÜdu A Ü¶òáå_› Pß= PA = Bßu¥k A = P
�1

BßÚ P
�1 U©¨

P
�1 = (↵1, · · · ,↵m)ßKkA = P

�1
B = (↵1, · · · ,↵r)

0

B@
�
T
1
...
�
T
r

1

CA = ↵1�
T
1 + ↵2�

T
2 + · · ·+ ↵r�

T
r .

y{nµU©¨ A = (�1, · · · , �n)ßœè r(A) = r{�1, · · · , �n} = r > 0ß4å'|ráï˛ß
òá4å'|è �k1 , · · · , �krßPè ↵1, · · · ,↵rßKßå±L´§kï˛ß

è �j = b1j↵1 + · · ·+ brj↵r, j = 1, 2, · · · , nß2 B =

0

B@
�
T
1
...
�
T
r

1

CA =

0

@
b11 b12 · · · b1n

· · ·
br1 br2 · · · brn

1

Aß

K A = (↵1, · · · ,↵r)B = ↵1�
T
1 + ↵2�

T
2 + · · ·+ ↵r�

T
r .

 .(10©) ↵ = (1, 1, · · · , 1)T è n ëï˛ßA = ↵↵
TßOé A  n áÇ5'Aï˛.

)µ A = ↵↵
T =

0

BBB@

1 1 · · · 1
1 1 · · · 1
...
...

...
1 1 · · · 1

1

CCCA
ß|�E �A| =

���������

�� 1 �1 · · · �1
�1 �� 1 · · · �1
...

...
...

�1 �1 · · · �� 1

���������

=

���������

�� 1 �1 · · · �1
�� 1 �� 1 · · · �1

...
...

...
�� 1 �1 · · · �� 1

���������

= (�� n)�n�1ß

 A Aäè � = n, 0(n-1).

 � = n ûßnE �A =

0

BBB@

n� 1 �1 · · · �1
�1 n� 1 · · · �1
...

...
...

�1 �1 · · · n� 1

1

CCCA
!

0

BBBBB@

1 0 · · · �1
0 1 · · · �1
...

...
...

0 · · · 1 �1
0 0 · · · 0

1

CCCCCA
ß'Aï˛è ↵1 =

0

BBB@

1
1
...
1

1

CCCA
.

 � = 0 ûß0E �A !

0

BBB@

1 1 · · · 1
0 0 · · · 0
...

...
...

0 0 · · · 0

1

CCCA
ß'Aï˛è ↵2 =

0

BBBBB@

�1
1
0
...
0

1

CCCCCA
, · · · ,↵n =

0

BBBBB@

�1
0
...
0
1

1

CCCCCA
.

œè |↵1,↵2, · · · ,↵n| = n 6= 0ß ↵1,↵2, · · · ,↵n =è n á'Aï˛.
){µœè A↵ = ↵(↵T

↵) = n↵ß ↵1 = ↵ = (1, 1, · · · , 1)T èAä n Aï˛.

A = ↵↵
T =

0

BBB@

1 1 · · · 1
1 1 · · · 1
...

...
...

1 1 · · · 1

1

CCCA
!

0

BBB@

1 1 · · · 1
0 0 · · · 0
...

...
...

0 0 · · · 0

1

CCCA
ßAx=✓kƒ:)X↵2=

0

BBBBB@

�1
1
0
...
0

1

CCCCCA
, · · · ,↵n=

0

BBBBB@

�1
0
...
0
1

1

CCCCCA
ß

=è0'Aï˛. q |↵1,↵2, · · · ,↵n| = n 6= 0ß ↵1,↵2, · · · ,↵n =è A  n á'Aï˛.
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8.(14©) A = (aij)3⇥3ß↵1,↵2,↵3 Ç5'ßA↵1 = ↵1 � 2↵2 � 2↵3, A↵2 = �2↵1 + ↵2 � 2↵3,
A↵3 = �2↵1 � 2↵2 + ↵3. Oé A AäÜAï˛(^ ↵1,↵2,↵3 Ç5|‹L´).

)µA(↵1,↵2,↵3) = (↵1 � 2↵2 � 2↵3,�2↵1 + ↵2 � 2↵3,�2↵1 � 2↵2 + ↵3) = (↵1,↵2,↵3)

0

@
1 �2 �2
�2 1 �2
�2 �2 1

1

A.

- P = (↵1,↵2,↵3), B =

0

@
1 �2 �2
�2 1 �2
�2 �2 1

1

Aßdu ↵1,↵2,↵3 Ç5'ß P å_ß

u¥k A = P
�1

BPß= A Ü B ÉqßK A Ü B kÉ”Aä.

|�E �B| =

������

�� 1 2 2
2 �� 1 2
2 2 �� 1

������
= (�+ 3)(�� 3)2ßAäè � = �3, 3().

 � = �3 ûß�3E �B =

0

@
�4 2 2
2 �4 2
2 2 �4

1

A !

0

@
1 0 �1
0 1 �1
0 0 0

1

Aß'Aï˛è ⌘1 =

0

@
1
1
1

1

A.

 � = 3 ûß3E �B =

0

@
2 2 2
2 2 2
2 2 2

1

A !

0

@
1 1 1
0 0 0
0 0 0

1

Aß'Aï˛è ⌘2 =

0

@
�1
1
0

1

A , ⌘3 =

0

@
�1
0
1

1

A.

œèd B⌘ = �⌘ å AP⌘ = PB⌘ = �P⌘ß
 A kAä � = �3ßÈA'Aï˛ ⇠1 = P⌘1 = ↵1 + ↵2 + ↵3ßAï˛èk1⇠1.
Aä� = 3()ßÈA'Aï˛⇠2=P⌘2=�↵1+↵2, ⇠3=P⌘3=�↵1+↵3ßAï˛èk2⇠2 + k3⇠3.

){µd^á ↵1,↵2,↵3 ¥3áÇ5'3ëï˛ß?ø3ëï˛—å±d˘3áï˛L´.
 ⇠ = k1↵1 + k2↵2 + k3↵3 6= ✓ ¥ A Aï˛ßKk A⇠ = �⇠.
Ú ⇠ = k1↵1 + k2↵2 + k3↵3, A↵1 = ↵1 � 2↵2 � 2↵3, A↵2 = �2↵1 + ↵2 � 2↵3, A↵3 = �2↵1 � 2↵2 + ↵3

ì\ A⇠ = �⇠  (k1�2k2�2k3��k1)↵1+(�2k1+k2�2k3��k2)↵2+(�2k1�2k2+k3��k3)↵3 = ✓.

du ↵1,↵2,↵3 Ç5'ß|‹XÍè"ß=

0

@
1� � �2 �2
�2 1� � �2
�2 �2 1� �

1

A

0

@
k1

k2

k3

1

A = B⌘ = ✓.

du ⇠ = k1↵1 + k2↵2 + k3↵3 6= ✓ß k1, k2, k3 ÿè"ß= ⌘ = (k1, k2, k3)T 6= ✓.

œè B⌘ = ✓ á¶ö") ⌘ß7L˜v |B| =

������

1� � �2 �2
�2 1� � �2
�2 �2 1� �

������
= �(�+ 3)(�� 3)2 = 0.

7Lk � = �3, 3().

 � = �3 ûßB =

0

@
4 �2 �2
�2 4 �2
�2 �2 4

1

A !

0

@
1 0 �1
0 1 �1
0 0 0

1

Aßƒ:)X ⌘1 =

0

@
1
1
1

1

A.

- ⇠1 = (↵1,↵2,↵3)⌘1 = ↵1 + ↵2 + ↵3ßK c1⇠1, c1 6= 0 èAï˛.

 � = 3 ûßB =

0

@
�2 �2 �2
�2 �2 �2
�2 �2 �2

1

A !

0

@
1 1 1
0 0 0
0 0 0

1

Aßƒ:)X ⌘2 =

0

@
�1
1
0

1

A , ⌘3 =

0

@
�1
0
1

1

A.

-⇠2 = (↵1,↵2,↵3)⌘2 = �↵1 + ↵2, ⇠3 = (↵1,↵2,↵3)⌘3 = �↵1 + ↵3,Kc2⇠2 + c3⇠3, c2, c3 6= 0èAï˛.
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Rǃ䇑㇇㹼ࡇᔿ

D =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

0 2 2 2 2
2 0 2 2 2
2 2 0 2 2
2 2 2 0 2
2 2 2 2 0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

䇺࠼ḽ߼φD = 128Ǆਈᦒ䗷〻 9 ⺞↓㇇ᔿ䇑ࡇк˄л˅й䀂㹼ˈ࠶ 9 Ǆ࠶
kǃ䇑㇇ (A∗)∗ˈ↔༴

A =




3 1 0 1
1 3 1 −2
0 1 3 −1
2 −2 −1 3




䇺࠼ḽ߼φr(A) = 3˄9 ̍˅࠶ (A∗)∗ = 0˄9 ࠶ Ǆ˅

jǃ䇑㇇ԕлੁ䟿㓴Ⲵањᶱབྷ㓯ᙗᰐޣ㓴ˈᒦ⭘ԕ㺘⽪ަ։ੁ䟿ˈ↔༴˖

α1 =




1
4
3



, α2 =




1
1
1



, α3 =




0
3
2



, α4 =




−1
2
1




䇺࠼ḽ߼φ㹼ਈᦒ䗷〻˄k ̠˅࠶ ᶱབྷ㓯ᙗᰐޣ㓴˄j ̟˅࠶ ਜ਼ᴹ k њⲴ㓯ᙗᰐੁޣ䟿ˈֻ
ྲ α1,α2˗㓯ᙗ㺘ࠪ˄j ̍˅࠶ ֻྲ α3 = α1 − α2ˈα3 = α1 − 2α2Ǆ

9ǃੁ 䟿㓴 {α1,α2, · · · ,αm}о {β1, β2, · · · , βk}ㅹԧ 䇱̍᰾喀⅑㓯ᙗᯩ〻㓴 Ax = 0о Bx = 0

਼䀓ˈ↔༴

A = (ai j)m×n =




αT
1

αT
2
...

αT
m




, B = (bi j)k×n =




βT
1

βT
2
...

βT
k




䇺࠼ḽ߼φ⭡ੁ䟿㓴ㅹԧᙗਟ⸕ˈᆈ൘ C = (ci j)k×m о D = (di j)m×kˈ֯ᗇ CA = B˄ k ̍˅࠶
DB = A˄k ࠶ Ǆ˅Ax = 0⇒ Bx = CAx = 0˄k ̠˅࠶ Bx = 0⇒ Ax = DBx = 0˄k ࠶ Ǆ˅

8ǃ䇑㇇⸙䱥 X ֯ᗇ X




1 1 0
0 1 1
1 0 1



=




4 1 0
1 4 0
0 1 4




䇺࠼ḽ߼φࡇਈᦒ䗷〻 j 䇑㇇㔃᷌˗࠶ 8 ǄX࠶ =




5/2 −3/2 3/2
5/2 3/2 −3/2
−3/2 5/2 3/2




eǃα1ǃα2ǃα3 㓯ᙗ⴨ޣˈα2ǃα3ǃα4 㓯ᙗᰐޣǄ䇱᰾ α1 ਟ⭡ α2 о α3 㓯ᙗ㺘ࠪˈα4

н㜭⭡ α1ǃα2 о α3 㓯ᙗ㺘ࠪǄ

䇺࠼ḽ߼φ⭡ α2ǃα3ǃα4 㓯ᙗᰐޣਟ⸕ α2ǃα3 㓯ᙗᰐޣ˄j ̍˅࠶ α1,α2,α3 㓯ᙗ⴨ޣˈ

᭵ α1 ਟ⭡ α2 о α3 㺘ࠪ˄j ࠶ Ǆ˅⭡ α1 ਟ⭡ α2 о α3 㓯ᙗ㺘ࠪਟ⸕˖ྲ᷌ α4 㜭⭡ α1ǃα2

о α3 㺘ࠪˈࡉ α4 㜭⭡ α2 о α3 㺘ࠪˈ⸋⴮˄k ˅࠶

ӂȽδRy ε࠼

A ᱟ n 䱦ᇎ⸙䱥ˈAT A = AATǄ䇱᰾˖ྲ᷌ A ᱟй䀂⸙䱥ˈࡉ A ᗵѪሩ䀂⸙䱥Ǆ

䇺࠼ḽ߼φ䇮 A кй䀂ˈٷሩ n ᖂ㓣˖

A =




a11 αT

0 B


 , (AT A)11 = a2

11 = a2
11 + a2

12 + · · · + a2
1n = (AAT )11

᭵ a12 = · · · = a1n = 0Ǆࠪ߉ (AT A)11˄k ̍˅࠶ ࠪ߉ (AAT )11˄k ̍˅࠶ ∄䖳Ҽ㘵ᗇࠪ a12 = · · · =
a1n = 0˄9 ⭡˅࠶ A = diag(a11, B) ਟ⸕ BT B = BBT о B кй䀂ਟ⸕ B ሩ䀂˄k ࠶ Ǆ˅н਼䇱
᰾ᯩ⌅䝼ᛵ䇴࠶Ǆ

пȽδRk ε࠼

㔉ᇊ⸙䱥 A = (α1 α2 α3 α4 α5) оੁ䟿 βˈ˄ R˅䇑㇇ Ax = 0 Ⲵส⹰䀓㌫ˈᒦᦞ↔㺘⽪ࠪ
ᡰᴹส⹰䀓㌫˄e ㇇k˅䇑˄̠˅࠶ Ax = β Ⲵ䙊䀓˄j j˅r(A)˄̠˅࠶ = rˈᱟ੖ᆈ൘ࡇ┑〙⸙䱥

ㅜ R亥- ޡ k 亥

• 最后 结果 差不多对

差别 1 - 2 个 元素 ,

扣 2 分
-

1 ˋ
。 ⼤部分 正确 ,

若中间过程有问题 ☒易 (很少有错误 )
酌情 给分 (2- 4)

2、

• 可 直接按定义 计年时 ,
們 ,

˙ 直接没 A-fa.in
• 写出 1⽉ 1 = 0 ii)

AAtlA.IE ⽐较 A.AT =⼼A 的

给 2 - 3 分 对⻆线元素 , 可得
.

3
. 很少 有错

· A 是上涌或 下三⻆
。 极⼤⽆关组 都对
不唯⼀



B = (bi j)n×r ֯ᗇ r(AB) = 0, 1, 2˛ྲ᷌ᆈ൘ˈ䈅਴ࠪ߉ањ䘉ṧⲴ⸙䱥˄j ࠶ Ǆ˅

α1 =




1
1
1
1




, α2 =




−1
1
1
1




, α3 =




−1
−1
1
1




, α4 =




0
1
1
1




, α5 =




−1
0
1
1




, β =




−1
0
1
1




䇺࠼ḽ߼φ㹼ਈᦒ (A β) 㠣㹼ㆰॆởᖒ˄9 สᵜ䀓㓴ֻྲ˗˅࠶ η1 = (−1,−1, 0, 2, 0)Tˈ

η2 = (0,−1,−1, 0, 2)T˄k࠶˅̠สᵜ䀓㓴ਟ㺘Ѫ (γ1 γ2) = (η1 η2)C C̍ ਟ䘶˄ k࠶ Ǆ˅Ax = βⲴ䙊
䀓ˈֻ ྲ c1η1+c2η2+ (0, 0, 0, 0, 1)T˄ j࠶ Ǆ˅┑〙⸙䱥 B֯ᗇ r(AB) = 0, 1, 2ˈֻ ྲ B̟ = [η1 η2]-
B = [η1e1]- B = [e1 e2]˄਴ R ࠶ Ǆ˅

഑ȽURy V࠼

B = (α1 α2 · · · αn)ᱟਟ䘶⸙䱥 B̍−T = (β1 β2 · · · βn) A̍ = α1βT
1 +α2βT

2 + · · ·+αkβT
k˄k < n˅̍

b ᱟ n 㔤ੁ䟿Ǆ˄ R˅䇱᰾ Ax = b ᴹ䀓ᖃфӵᖃ b ᱟ α1,α2, · · · ,αk Ⲵ㓯ᙗ㓴ਸ˄8 ˅k˄̠˅࠶
ሩҾ b = c1α1 + c2α2 + · · · + ckαkˈci = βT

i βiˈࠪ߉ Ax = b Ⲵ䙊䀓˄8 ࠶ Ǆ˅

䇺࠼ḽ߼φ˄ R˅⇒˖b = Ax = (βT
1 x)α1 + (βT

2 x)α2 + · · · + (βT
k x)αk˄k ̠˅࠶ ⇐˖b = c1α1 +

c2α2 + · · · + ckαk- c = (c1, · · · , ck)T )ˈC = (β1 · · · βk)T 㹼┑〙ˈr(C) = r(C c) = kˈCx = c ᴹ䀓ˈ
᭵ Ax = b ᴹ䀓˄j ࠶ Ǆ˅˄ k˅B−1B = E ਟ⸕ βT

i α j = 0˄i ! j˅̍ βT
i αi = 0ˈAα j = α j˄ j ≤ k˅˄ k

̠˅࠶ Aα j = 0˄ j > k˅̍ Ab = b˄R ࠶ Ǆ˅αk+1, · · · ,αn Ѫส⹰䀓㌫˄k ࠶ Ǆ˅

ӊȽURy V࠼

P =




1 1 0
1 1 1
0 1 1



ˈA =




−1 2 −2
−1 2 −2
−1 1 −1



ˈ䇑㇇ B = P−1AP о A3 + A2 + A + EǄ

䇺࠼ḽ߼φB = P−1AP = diag(1,−1, 0)˄k ̍˅࠶ B3 + B2 + B + E = diag(4, 0, 1)˄k ̍˅࠶

A3 + A2 + A + E = P(B3 + B2 + B + E)P−1 =




0 4 −4
−1 5 −4
−1 1 0



˄e ˅࠶

ȽURyޣ V࠼

A = (ai j)m×nˈB = (bi j)k×n β̍ Ѫ m 㔤ੁ䟿 γ̍ Ѫ k 㔤ੁ䟿Ǆሩԕлєњ䰞仈㔉ࠪࡔᯝˈᒦ
㔉ࠪ䇱᰾ᡆѮࠪ৽ֻǄ˄ R˅ྲ᷌ Ax = β о Bx = γ ਼䀓ˈ䛓Ѹ (A β) о (B γ) 㹼ੁ䟿㓴ᱟ੖
ㅹԧ˛˄ k˅ྲ᷌ (A β) о (B γ) 㹼ੁ䟿㓴ㅹԧˈ䛓Ѹ Ax = β о Bx = γ ᱟ੖਼䀓˛

䇺࠼ḽ߼φAx = β о Bx = γ ᴹ⴨਼䀓˄ᴹ䀓˅̍ Ax = β о Ax = β, Bx = γ 䙊䀓 · · ·˄9
࠶ Ǆ˅(A β) о (B γ) 㹼ੁ䟿㓴ㅹԧˈࡉᴹ⸙䱥 C о D (̍A β) = C(B γ)ˈD(A β) = (B γ) · · ·˄k
̍˅࠶ ㆄࠪ r(A) = r(A β) ᰦҼ㘵਼䀓㔉 k ㆄࠪˈ࠶ r(A) ! r(A β) ᛵᖒ㔉 k Ǆ࠶

ㅜ k亥- ޡ k 亥

同

• Ax:P 与 Bnr ns 初军 变换 得 ⾏ 导价 ,
- 2 分

,

• 第2间 写出 ⽆解时 ,
结论得不到 ,

- 4-5 分

n_n
⾔及 r本ǖit⼀㢽5x-t-rlAR.FI

取 13 = ( 7172 e.) - 1 分

2 (A》=2 取 13 = (n.e.es - 1 分

• Arb 有解⇔ 21A) = r (A b) - 2 分

但 r (A) = r (A b)# b 是2、
-2k 组合

啊" ⼆ (iii) - 2 分
• 可直接 汁⿐ 脑舆

若中间过程对 , 只 诘⾥错 给下 - 8分
。


































